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HIGHER ORDER RECTIFIABILITY OF MEASURES VIA AVERAGED
DISCRETE CURVATURES
S LAWOMIR KOLASIN´SKI
Abstract. We provide a sufficient geometric condition for Rn to be countably (µ,m) rec-
tifiable of class C 1,α (using the terminology of Federer), where µ is a Radon measure having
positive lower density and finite upper density µ almost everywhere. Our condition involves
integrals of certain many-point interaction functions (discrete curvatures) which measure
flatness of simplices spanned by the parameters.
1. Introduction
Let Hm denote the m dimensional Hausdorff measure over Rn. A measure µ is said to be
AD(m) regular if there exists A ∈ [1,∞) such that A−1 ≤ r−mµ(B(x, r)) ≤ A for x ∈ sptµ
and r ∈ (0, 1). We say that µ is uniformly rectifiable if it has the big pieces of Lipschitz
images property, which means that it is AD(m) regular and there exist θ,M ∈ (0,∞) such
that for x ∈ sptµ and r ∈ (0, 1) there exists a Lipschitz map f : B(0, r) ∩ Rm → Rn such
that Lip f < M and µ(B(x, r) ∩ f [B(0, r)]) ≥ θr. David and Semmes [DS91, DS93] were
studying uniformly rectifiable sets Σ ⊆ Rn in the context of harmonic analysis and in the
search for a geometric criterion yielding boundedness of certain singular integral operators
on L2(Hm Σ). To characterize these sets, they introduced the beta-numbers defined for
p ∈ [1,∞), x ∈ Rn, r ∈ (0,∞) as follows
βmµ,p(x, r) = r
−1 inf
L
(
r−m
´
B(x,r) dist(y, L)
p dµ(y)
)1/p
,
where the infimum is taken with respect to all affine m dimensional planes L in Rn. For
p, q ∈ [1,∞) and B ⊆ Rn Borel we set
Jµ,p,q(B) =
´
B
´ diamB
0 β
m
µ,q(x, r)
p dr
r dµ(x) .
Following [DS93, Definition 1.2 on p. 313] we say that µ satisfies the (p, q) geometric lemma
if µ is AD(m) regular and there exists some C ∈ (0,∞) such that Jµ,p,q(B) ≤ Cµ(B) for
all balls B ⊆ Rn. By [DS93, p. 22] measures which satisfy the (2, 2) geometric lemma are
uniformly rectifiable.
If T = (a0, . . . , am+1) ∈ (Rn)m+2, let 4T be the convex hull of the set {a0, . . . , am+1}. For
B ⊆ Rn Borel we define the integral Menger curvature of a measure µ on B by
Mµ(B) =
´
Bm+2
Hm+1(4(a0,...,am+1))2
diam({a0,...,am+1})(m+2)(m+1) dµ
m+2(a0, . . . , am+1) .
This was (up to a constant) one of the functionals considered by Lerman and Whitehouse
in [LW09, LW11] were they showed that if µ is AD(m) regular, then Jµ,2,2 is comparable
to Mµ on balls establishing a new characterization of uniform rectifiability and providing a
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connection between the beta-numbers and Menger-type curvatures. In [LW09, Corollary 6.1]
a characterization of measures satisfying the (p, p) geometric lemma for 1 ≤ p < ∞ is also
given.
Following Federer [Fed69, 3.2.14] and Anzellotti and Serapioni [AS94] we say that a set
E ⊆ Rn is countably (µ,m) rectifiable of class C 1,α if there exists a countably family A of
m dimensional submanifolds of Rn of class C 1,α such that µ(E ∼ ⋃A) = 0. Let Θm∗ (µ, a) and
Θm∗(µ, a) denote the lower an upper densities of µ at a ∈ Rn as defined in [Fed69, 2.10.19].
Quite recently Meurer [Meu15] proved, assuming a priori that Σ ⊆ Rn is merely Borel
and µ = Hm Σ, that if Mµ(Rn) < ∞, then Σ is countably (Hm,m) rectifiable of class C 1.
His work can be seen as a higher dimensional counterpart of the result of David [Dav98]
and Le´ger [Le´g99] done in connection with the famous Vitushkin’s conjecture on removable
sets for bounded analytic functions. Azzam and Tolsa [AT15] and Tolsa [Tol15] proved that
if µ is Radon and satisfies 0 < Θm∗(µ, a) < ∞ for µ almost all a, then Rn is countably
(µ,m) rectifiable of class C 1 if and only if
´ 1
0 β
m
µ,2(x, r)
2 dr
r <∞ for µ almost all a. However,
in this generality the quantities considered in [Meu15] and in [AT15, Tol15] are not known to
be directly comparable as was the case in the AD(m) regular case due to [LW09, LW11].
Higher order rectifiability, mostly of functions (see [AS94, Definition 2.5]), has also been
studied for a long time. In the context of functions it is rather called a Lusin-type approx-
imation. Caldero´n and Zygmund [CZ61, Theorems 9 and 13], Resˇetnjak [Resˇ68] and, more
recently, Liu and Tai [LT94], Lin and Liu [LL13] gave conditions for higher order rectifiability
of functions in terms of existence of approximating polynomials at almost all points. The clas-
sical Alexandrov’s theorem (see [Ale39] or [Fu11]) and its generalization by Alberti [Alb94]
can be seen as a C 2 rectifiability result for convex functions.
Higher order rectifiability is an important feature of sets in geometric analysis. It was
observed by Scha¨tzle [Sch09, §3] that it can be used for proving regularity of sets governed by
a PDE. This philosophy was employed later by Menne [Men09, Men10, Men11, Men12] and
Menne and the author [KM15] for showing certain regularity results for varifolds.
In the present article we provide a sufficient condition for rectifiability of class C 1,α in terms
of functionals similar toMµ. Whenever µ is a measure over Rn, and l ∈ {1, 2, . . . ,m+2}, and
α ∈ [0, 1], and p ∈ [1,∞), and a, a0, . . . , am+1 ∈ Rn, and T = (a0, . . . , am+1), and r ∈ (0,∞]
we set
κ(T ) =
Hm+1(4T )
diam(4T )m+1 if diam(4T ) > 0 , κ(T ) = 0 otherwise ,
κl,p,αµ,a,r(a1, . . . , al−1) =
(
µm+2−l
)
ess sup
al,...,am+1∈B(a,r)
κ(a, a1, . . . , am+1)
p
diam({a, a1, . . . , am+1})m(l−1)+αp
,
Kl,p,αµ (a, r) =
ˆ
B(a,r)
· · ·
ˆ
B(a,r)
κl,p,αµ,a,r(b1, . . . , bl−1) dµ(b1) · · · dµ(bl−1)(1)
with the understanding that there is no essential supremum in case l = m+ 2 and there is no
integral in case l = 1.
If p > m(l−1), and α = 1−m(l−1)/p, and µ = Hm Σ for some compact set Σ ⊆ Rn, then
E(µ) = ´ Kl,p,αµ (a,∞) dµ(a) coincides with one of the functionals analyzed by Strzelecki and
von der Mosel [SvdM11], Blatt and the author [BK12], Szuman´ska and the author [KS13],
Strzelecki and von der Mosel and the author [KSvdM13, KSv15], and by the author [Kol15].
Analogues of the Morrey-Sobolev embedding theorem for sets, where κ plays roughly the role
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of the second weak derivative, were studied in [SvdM11, Kol15, KS13]. Geometric charac-
terizations of graphs of certain (fractional) Sobolev maps were given in [BK12, KSvdM13].
In [KSv15] the authors use E to solve geometric variational problems with topological con-
straints. In [BK12, KSvdM13] a full geometric characterization of graphs of some (fractional)
Sobolev maps is established.
If l = m + 2, and p = 2, and α = 0, then E(µ) equals Mµ(Rn) which was considered
in [LW09, LW11, Meu15]. Formally, if one sets l = m + 2, and p = 2, and α = m − (m +
2)(m + 1)/2, then E yields also one of the quantities used in [LW12, §4] to approximate the
least square error of a measure.
Our main result reads as follows.
1.1. Theorem. Let µ be a Radon measure over Rn such that
(2) 0 < Θm∗ (µ, x) ≤ Θm∗(µ, x) <∞ for µ almost all x ,
and l ∈ {1, 2, . . . ,m+2}, and α ∈ (0, 1], and p ∈ [1,∞). Assume Kl,p,αµ (a, 1) <∞ for µ almost
all a. Then Rn is countably (µ,m) rectifiable of class C 1,α and µ is absolutely continuous with
respect to Hm.
Moreover, if α < 1, then for any ε ∈ (0, 1 − α) there exists a measure µ satisfying (2)
and Kl,p,αµ (a) < ∞ for µ almost all a and such that Rn is not countably (µ,m) rectifiable of
class C 1,α+ε.
The converse of Theorem 1.1 does not hold due to the example [KS13]. In view of the
characterization of graphs of functions of Sobolev-Slobodeckij class C 1 ∩W 1+α,p obtained
in [BK12] one could expect that finiteness µ almost everywhere of Kl,p,αµ should rather char-
acterize “rectifiability of class W 1+α,p” – a notion not yet defined.
We prove the first part of 1.1 in section 7. First we use standard methods of geometric
measure theory to reduce the problem to the case when µ is roughly AD(m) regular, which is
possible because we assume 0 < Θm∗ (µ, x) for µ almost all x. Then, for µ almost all points x,
we find m dimensional planes that approximate the measure in smaller and smaller scales
around x and, due to the condition α > 0, we prove that they converge in the Grassmannian
to some plane which must contain the approximate tangent cone of µ at x – this is the heart
of the proof; see 7.4. From there we conclude using [All72, 2.8(5)] that Rn is countably
(µ,m) rectifiable of class C 1. This allows to reduce the problem farther to the case when
µ = Hm Σ, where Σ is a subset of a graph of some C 1 function. Next, we use the decay
rates obtained in 7.4 together with 5.5, which is a corollary of [Sch09, Lemma A.1], to get
the conclusion.
The proof of the second part of 1.1 is contained in section 8. It bases on the fact that for
any 0 ≤ α < β ≤ 1 there exists a set which is a graph of some C 1,α map but is not countably
(Hm,m) rectifiable of class C 1,β which can be deduced from [AS94, Appendix]. In section 8
we also give examples of other functions that could be used in 1.1 in place of κ.
Our result can be seen as an extension of [Meu15] but is not stronger. A glance at the
outline of the proof given above reveals why our problem is extremely simpler than that
considered in [Meu15] or [AT15]. The first reason is that we assume α > 0 which immediately
gives convergence of the approximating planes in 7.4. The second, but actually the crucial
one, is that we assume Θm∗ (µ, a) > 0 for µ almost all a which allows to reduce, roughly, to
the AD(m) regular case.
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2. Notation
In principle we shall use the book of Federer [Fed69] as our main reference and source of
definitions, and we shall adopt some, but not all, of its notation. In particular we shall write
{x ∈ X : P (x)}, in contrast to X ∩ {x : P (x)}, for the set of those x ∈ X which satisfy some
predicate P . We also prefer to say that a function is “injective” rather than “univalent”.
The symbols R and N shall be used for the set of real and natural numbers including zero.
Moreover, whenever s, t ∈ R ∪ {−∞,∞} and s < t, we shall write (s, t), [s, t] for the open
and closed intervals in R and also (s, t] and [s, t) with the usual meaning. If A and B are
sets, we write A ∼ B for the set theoretic difference. If X is a vector space, A,B ⊆ X, c ∈ X
and r ∈ (0,∞) we adopt the notation c + A = {c + a : a ∈ A}, rA = {ra : a ∈ A} and
A + B = {a + b : a ∈ A , b ∈ B}. When we write Rn we always mean the n dimensional
Euclidean space with the standard scalar product denoted u • v for u, v ∈ Rn. We shall write
U(a, r) and B(a, r) for the open and closed ball centered at a and of radius r in the metric
space to which a belongs to. We adopt the definition of a measure from [Fed69, 2.1.2], which
is sometimes called an outer measure in the literature. The symbols Hm and Lm stand for
the m dimensional Hausdorff and Lebesgue (outer) measures as defined in [Fed69, 2.10.2(1)
and 2.6.5]. Whenever m ∈ N ∼ {0} we use the symbol α(m) for the Lebesgue measure of
the unit ball in Rm. If X and Y are normed vector spaces, U ⊆ X is open, k ∈ N, and
α ∈ [0, 1], then a function f : U → Y is said to be of class C k,α if f is continuous, has
continuous derivatives up to order k (cf. [Fed69, 3.1.1 , 3.1.11]), and the kth order derivative
Dkf satisfies the Ho¨lder condition with exponent α (cf. [Fed69, 5.2.1]); in this case we write
f ∈ C k,α(U, Y ). The image of a set A ⊆ X under a mapping f : X → Y is denoted f [A] and
similarly f−1[B] denotes the preimage of a set B ⊆ Y . We write idX for the identity function
on X. Whenever X is a metric space, A ⊆ X, and x ∈ X, we use the notation dist(x,A) for
the distance of x from A. We write Al to denote the Cartesian product of l ∈ N ∼ {0} copies
of a set A and if f : A → B, then f l : Al → Bl is the Cartesian product of l copies of f ,
i.e., f l(a1, . . . , al) = (f(a1), . . . , f(al)). Similarly, µ
l shall denote the product of l copies of a
measure µ (cf. [Fed69, 2.6.1]). For the Grassmannian of m dimensional planes in Rn we write
G (n,m) (cf. [Fed69, 1.6.2]). With each P ∈ G (n,m) we associate the orthogonal projection
P\ : Rn → P ⊆ Rn onto P and the orthogonal complement P⊥ = kerP\. Whenever v1, . . . , vk
are vectors in some vector space X, we write span{v1, . . . , vl} for the linear span of these
vectors. If µ measures some set X, f : X → R is µ-measurable and A ⊆ X is µ-measurable,
we write
ffl
A f dµ = µ(A)
−1 ´
A f dµ for the mean value of f on A. By X 3 x 7→ f(x) we mean
an unnamed function with domain X mapping x ∈ X to f(x). For the essential supremum
of a function f : X → R with respect to a measure µ over X we write (µ) ess sup(f), which
is defined to be equal to (µ)(∞)(f) in the notation of [Fed69, 2.4.12]. To optimize space we
shall sometimes write (µ) ess supx∈X(f(x)) instead of (µ) ess sup(X 3 x 7→ f(x)).
The reader might want to recall the definitions of: the space of orthogonal projections
O∗(n,m) [Fed69, 1.7.4], the exterior algebra
∧
∗X of a vector space X with its associated
wedge product ∧ [Fed69, 1.3], tangent cone Tan(S, x) of a set S ⊆ Rn [Fed69, 3.1.21] at x ∈ Rn,
approximate m-tangent cone Tanm(µ, x) of a measure µ [Fed69, 3.2.16] at x ∈ Rn.
Sometimes we write “Γx.y” to denote the number that appeared under the name ”Γ” in
the formulation of x.y. Throughout the paper n and m shall denote two integers satisfying
1 ≤ m < n.
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3. Approximate tangent cones
3.1. Remark. For a, v ∈ Rn, ε ∈ (0,∞) define the cone
E(a, v, ε) =
{
b ∈ Rn : ∃ t ∈ (0,∞) |t(b− a)− v| < ε} .
Then (cf. [Fed69, 3.2.16]) v ∈ Tanm(µ, a) if and only if
Θ∗m(µ E(a, v, ε)) > 0 for all ε ∈ (0,∞).
Note that, if 0 < ε < |v|, then b ∈ E(a, v, ε) if and only if
b 6= a and b− a|b− a| •
v
|v| >
(
1− ε
2
|v|2
)1/2
.
The notion of an approximate tangent cone Tanm(µ, a) (cf. [Fed69, 3.2.16]) that we use is
different from the notion of the tangent space defined by blow-ups in [Sim83, 11.2]. However,
if we have the following.
3.2. Proposition. Suppose µ is a Radon measure over Rn, and T ∈ G (n,m), and a ∈ Rn,
(3) and lim
r↓0
r−m
ˆ
B(a,r)
|T⊥\ (b− a)|
|b− a| dµ(b) = 0 .
Then Tanm(µ, a) ⊆ T .
Proof. If Tanm(µ, a) ∼ {0} = ∅, the conclusion is evident. In all other cases we shall prove
the proposition by contradiction. If there existed v ∈ Tanm(µ, a) ∼ T ; then |T⊥\ v| > 0.
Recalling 3.1, if ε ∈ (0,∞) satisfied ε < 14 |T⊥\ v|, then for each b ∈ E(a, v, ε) setting t =
(b− a) • v|b− a|−2, we would have∣∣∣∣ b− a|b− a| • v|v|
∣∣∣∣ · ∣∣∣∣T⊥\ b− a|b− a|
∣∣∣∣ = |T⊥\ t(b− a)||v| ≥ |T
⊥
\ v| − |T⊥\ (v − t(b− a))|
|v|
≥ |T
⊥
\ v| − ε
|v| ≥
3
4
|T⊥\ v|
|v| > 0 .
Hence, for any r > 0 and ε ∈ (0, 14 |T⊥\ v|), we would obtain
(4) r−m
ˆ
B(a,r)
|T⊥\ (b− a)|
|b− a| dµ(b) ≥ r
−m
ˆ
E(a,v,ε)∩B(a,r)
|T⊥\ (b− a)|
|b− a| dµ(b)
≥ 3
4
|T (x)⊥\ v|
|v|
(
1− ε
2
|v|2
)−1/2
µ(E(a, v, ε) ∩B(a, r))
rm
.
Since we assumed v ∈ Tanm(µ, a), we could argue that Θ∗m(µ E(a, v, ε), a) > 0 for all
ε ∈ (0,∞). Then, for ε ∈ (0, 14 |T⊥\ v|), taking lim supr↓0 on both sides of (4), we would get
lim sup
r↓0
r−m
ˆ
B(a,r)
|T⊥\ (b− a)|
|b− a| dµ(b) > 0 ,
which is impossible due to the assumption (3). Thereby, we conclude that it was not possible
to choose v ∈ Tanm(µ, a) ∼ T ; thus Tanm(µ, a) ⊆ T . 
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3.3. Remark. Observe that
(5) lim
r↓0
r−m−1
ˆ
B(a,r)
|T⊥\ (b− a)| dµ(b) = 0
implies (3) which can be verified by representing the integral over B(a, r) by a series of
integrals over “annuli” B(a, 2−kr) ∼ U(a, 2−k−1r) for k ∈ N. Hence, the conclusion of 3.2
holds also with assumption (3) replaced by (5).
4. Graphs of functions and the slope of the tangent plane to a graph
4.1. Remark. A convenient way to work with graphs of functions defined on some T ∈ G (n,m)
and with values in T⊥ is to express the function using orthonormal bases for T and T⊥. To
do that we choose orthogonal projections p ∈ O∗(n,m) and q ∈ O∗(n, n − m) (cf. [Fed69,
1.7.4]) such that im p∗ = T and im q∗ = T⊥. Then if A ⊆ Rm and f : A → Rn−m we define
F = p∗ + q∗ ◦ f and then imF is the graph of f with Rm identified with T .
The following remark, made in the spirit of [All72, 8.9(5)], allows to express the “slope” of
the tangent plane to a graph by the norm of the derivative of the function; see 4.3.
4.2. Remark. Assume T ∈ G (n,m) and η ∈ Hom(T, T⊥). Set S = {v + η(v) : v ∈ T} ∈
G (n,m). Observe that the function [0,∞) 3 t 7→ t2(1+t2)−1 is increasing; hence, using [All72,
8.9(3)],
‖S\ − T\‖2 = ‖T⊥\ ◦ S\‖2 = sup
{
|T⊥\ u|2|u|−2 : u ∈ S ∼ {0}
}
= sup
{|η(w)|2|w + η(w)|−2 : w ∈ T ∼ {0}}
= sup
{|η(w)|2(1 + |η(w)|2)−1 : w ∈ T , |w| = 1} = ‖η‖2
1 + ‖η‖2 .
4.3. Corollary. Let p, q, T , A, f , and F be as in 4.1. Assume that Σ ⊆ imF , a ∈ Σ is such
that Tan(Σ, a) ∈ G (n,m) and that f is differentiable at x = p(a). Then, employing 4.2 with
Df(x) in place of η, we obtain
‖Tan(Σ, a)\ − T\‖2 = ‖Df(x)‖
2
1 + ‖Df(x)‖2(6)
Let b ∈ Σ and set y = p(b). Then b = F (y) and DF (x)(y − x) ∈ Tan(Σ, a). Define
u = q∗(f(y)− f(x)−Df(x)(y − x)) = F (x)− F (y)−DF (x)(y − x) ∈ T⊥
and v = Tan(Σ, a)⊥\ (b− a) = Tan(Σ, a)⊥\ u .
Then, by (6), we get
|u− v| = |Tan(Σ, a)\u| = |Tan(Σ, a)\T⊥\ u| ≤ ‖Tan(Σ, a)\ − T\‖|u| =
‖Df(x)‖ |u|
(1 + ‖Df(x)‖2)1/2 .
In consequence,
|Tan(Σ, a)⊥\ (b− a)| ≤ |f(y)− f(x)−Df(x)(y − x)| ,
|Tan(Σ, a)⊥\ (b− a)| ≥
(
1− ‖Df(x)‖
(1 + ‖Df(x)‖2)1/2
)
|f(y)− f(x)−Df(x)(y − x)| .
(7)
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5. Higher order rectifiability criterion for graphs
To talk about approximate features of functions (e.g. limits, continuity, differentiability;
cf. [Fed69, 2.9.2 , 3.1.2 , 3.2.16]) one needs to provide two parameters: a measure and a Vitali
relation (cf. [Fed69, 2.8.16]). It will be convenient to define a standard family of Vitali
relations.
5.1. Definition. For k ∈ N ∼ {0}, we set
Vk =
{
(x,B(x, r)) : x ∈ Rk , r ∈ (0,∞)} .
5.2. Remark. If k ∈ N ∼ {0} and φ is a measure over Rk such that all open sets are φ mea-
surable and φ(A) < ∞ for all bounded sets A ⊆ Rk, then due to [Fed69, 2.8.18] the family
Vk is a φ Vitali relation.
In the following proposition, whenever we write “apDf” we mean the approximate differ-
ential with respect to (Lm,Vm).
5.3. Proposition. Suppose α ∈ (0, 1], and A ⊆ Rm is Lm-measurable and such that Θm(Lm A, a) =
1 for all a ∈ A. Let f : A→ Rn−m be (Lm,Vm) approximately differentiable on A and satisfy
one of the following conditions
lim sup
r↓0
r−m
ˆ
A∩B(y,r)
|f(z)− f(y)− apDf(y)(z − y)|
|z − y|1+α dL
m(z) <∞ for all y ∈ A ,(8)
or
(Lm,Vm) ap lim sup
z→y
|f(z)− f(y)− apDf(y)(z − y)|
|z − y|1+α <∞ for all y ∈ A .(9)
Then there exist functions fk ∈ C 1,α(Rm,Rn−m), such that
Lm (A ∼ ⋃∞k=1{x ∈ A : f(x) = fk(x) and apDf(x) = Dfk(x)}) = 0.
In particular, the graph of f is countably (Hm,m) rectifiable of class C 1,α.
Proof. The proof can be found in [Sch09, Lemma A.1] for the case α = 1. If 0 < α < 1,
exactly the same proof, with relevant occurrences of 2 replaced by 1 + α, establishes the
assertion. 
5.4. Remark. In case condition (9) is satisfied in 5.3, the conclusion of 5.3 follows also from a
theorem of Lin and Liu [LL13, Theorem 1.5]. However, one should note that at a single point
y ∈ A condition (8) does not imply (9) at y. It is rather a consequence of the proposition that
condition (8) at all points of A implies condition (9) for Lm almost all y ∈ A. Inspecting the
proof of [Sch09, Lemma A.1] one can extract a sufficient condition, which is implied by (8) as
well as by (9), for the proposition to hold; namely, it is enough to assume that for all y ∈ A
there exists some K ∈ (0,∞) such that
lim sup
r↓0
Lm(B(y, r) ∼ {z ∈ A : |f(z)− f(y)− apDf(y)(z − y)| < Kr1+α})
α(m)rm
< ε0(m) ,
where ε0(m) ∈ (0, 1) is a small constant depending only on m.
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5.5. Corollary. Let p, q, T , A, f , F be as in 4.1. Suppose α ∈ (0, 1], and A is Lm measurable,
and f is (Lm,Vm) approximately differentiable on A, and Σ = F [A] satisfies Hm(Σ) < ∞.
Assume that one of the following conditions is satisfied for Hm almost all a ∈ Σ
lim sup
r↓0
r−m
ˆ
Σ∩B(a,r)
|Tanm(Hm Σ, a)⊥\ (b− a)|
|b− a|1+α dH
m(b) <∞(10)
or
(Hm Σ,Vn) ap lim sup
b→a
|Tanm(Hm Σ, a)⊥\ (b− a)|
|b− a|1+α <∞ .(11)
Then Σ is Hm measurable and countably (Hm,m) rectifiable of class C 1,α.
Proof. Employing [Fed69, 3.1.8] we can divide A into a countable family of Lm measurable
sets {Ai : i ∈ N} such that f restricted to each of Ai is Lipschitz and
⋃
i∈NAi = A. Then F |Ai
is bilipschitz and, since Hm and Lm are Borel regular, Σi = F [Ai] is Hm measurable for each
i ∈ N. Hence, Σ = ⋃i∈N Σi is also Hm measurable. Moreover, if one of the conditions (10)
or (11) is satisfied for Hm almost all a ∈ Σ, then the same condition holds for Hm almost all
a ∈ Σi for each i ∈ N. Hence, it suffices to prove the Corollary separately for each Ai and Σi
in place of A and Σ. In the sequel we will assume this replacement has been done and that f
has been extended to the whole of Rm by means of the Kirszbraun’s theorem [Fed69, 2.10.43],
so that we have
f : Rm → Rn−m satisfies L = Lip(f) <∞
and Tanm(Hm Σ, a) = Tan(Σ, a) for Hm almost all a ∈ Σ.
If (10) holds for Hm almost all a ∈ Σ, then let Σ′ ⊆ Σ be the set of a ∈ Σ for which (10)
holds. If (11) holds for Hm almost all a ∈ Σ, let Σ′ ⊆ Σ be the set of a ∈ Σ for which (11)
holds. Since Hm(Σ ∼ Σ′) = 0, we know Σ′ is Hm measurable. Recall the definitions of p, q,
and F from 4.1. Set B′ = p[Σ′] and note that B′ = F−1[Σ′] so it is Lm measurable. Next,
set B˜ = {x ∈ B′ : Df(x) exists}. Then Lm(B′ ∼ B˜) = 0 due to the Rademacher’s theorem
(cf. [Fed69, 3.1.6]); hence, B˜ is also Lm measurable. Define B = {x ∈ B˜ : Θm(Lm B˜, x) = 1}.
Then, by [Fed69, 2.9.11], B is Lm measurable, Lm(B˜ ∼ B) = 0 and Θm(Lm B, x) = 1 for
all x ∈ B. Observe
(12) Hm(Σ ∼ F [B]) = Hm(Σ ∼ Σ′) +Hm(F [B′ ∼ B]) = 0 because F is Lipschitz;
hence, it suffices to check that 5.3 applies to f |B.
Set λ = (1 + L2)−1/2 ∈ (0, 1] and note that Lip(F ) ≤ λ−1; hence,
(13) F [B(p(a), λr) ∩B] ⊆ B(a, r) ∩ F [B] for each a ∈ Σ and r ∈ (0,∞);
Employing (12) combined with (7) and then applying the area formula [Fed69, 3.2.3] together
with (13), we obtain
r−m
ˆ
B(a,r)∩Σ
|Tan(Σ, a)⊥\ (b− a)|
|b− a|1+α dH
m(b)
≥ λ1+α(1− λL)r−m
ˆ
B(a,r)∩F [B]
|f(p(b))− f(p(a))−Df(p(a))(p(b)− p(a))|
|p(b)− p(a)|1+α dH
m(b)
≥ λ1+α+m(1− λL)(λr)−m
ˆ
B(x,λr)∩B
|f(y)− f(x)−Df(x)(y − x)|
|y − x|1+α dL
m(y)
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for r ∈ (0,∞), x ∈ B, and a = F (x). Hence, if (10) holds, then one can employ 5.3 to see
that F [B] is countably (Hm,m) rectifiable of class C 1,α and, due to (12), so is Σ.
Fix a ∈ F [B] and set x = p(a). For y ∈ B and b ∈ F [B] define
g(b) =
|Tan(Σ, a)⊥\ (b− a)|
|b− a|1+α , h(y) =
|f(y)− f(x)−Df(x)(y − x)|
|y − x|1+α ,
and φ = Hm F [B] = Hm Σ ,
Setting ∆ = λ1+α(1− λL) we obtain, by (7) and the area formula [Fed69, 3.2.3],
∆h(p(b)) ≤ g(b) and Lm(S) ≤ φ(F [S]) ≤ λ−mLm(S)
whenever b ∈ F [B] and S ⊆ B is Lm measurable. Hence, for each r, t ∈ (0,∞)
{y ∈ B : h(y) > t} ⊆ p[{b ∈ F [B] : g(b) > ∆t}] ,
Lm(B(x, λr) ∩ {y ∈ B : h(y) > t})
Lm(B(x, r) ∩B) ≤
φ(B(a, r) ∩ {b ∈ F [B] : g(b) > ∆t})
λmφ(B(a, r))
.
Therefore,
(14) inf
{
t ∈ R : lim
r↓0
Lm(B(x, λr) ∩ {y ∈ B : h(y) > t})
Lm(B(x, r) ∩B) = 0
}
≤ inf
{
t ∈ R : lim
r↓0
φ(B(a, r) ∩ {b ∈ F [B] : g(b) > ∆t})
λmφ(B(a, r))
= 0
}
.
For any x ∈ B we have Θm(Lm B, x) = 1 so it follows that
lim
r↓0
Lm(B(x, λr))
Lm(B(x, r) ∩B) = λ
m <∞ .(15)
Recalling x = p(a) ∈ B was chosen arbitrarily and combining (14) with (15) yields
(Lm,Vm) ap lim sup
y→x
h(y) ≤ (φ,Vn) ap lim sup
b→a
g(b)
for all x ∈ B and a = F (x). Consequently, if (11) holds, then one can employ 5.3 to see that
F [B] is countably (Hm,m) rectifiable of class C 1,α and, because of (12), so is Σ. 
6. Existence of balanced balls
6.1. Definition. For δ ∈ [0, 1], and a ∈ Rn, and r ∈ (0,∞] we set
Xδ(a, r) =
{
(b1, . . . , bm) ∈ B(a, r)m : |(b1 − a) ∧ · · · ∧ (bm − a)| ≥ δrm
}
.
The following lemma 6.2 is a variant of [AT15, Lemma 3.1]. Similar results can also be
found in [LW09, Proposition 3.1], and [DS91, Lemma 5.8], and [Meu15, Lemma 4.2].
6.2. Lemma. Suppose
µ is a Radon measure over Rn , a, b ∈ Rn , r ∈ (0,∞) , µ(B(a, r)) > 0 ,
t, γ ∈ (0, 1) , k ∈ N , k < m , Lk ∈ G (n, k) .
Then one of the following alternatives holds:
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(a) There exist xk+1, . . . , xm ∈ B(a, r) such that if Lj = Lk + span{xk+1 − b, . . . , xj − b} for
j = k + 1, . . . ,m, then
dist(xj − b, Lj−1) > γr for j = k + 1, . . . ,m ,
µ(B(xj , tr) ∩B(a, r)) ≥ Γ−1tnµ(B(a, r)) for j = k + 1, . . . ,m ,
where Γ = Γ(n) ∈ [1,∞).
(b) There exist λ,N ∈ N and Lλ ∈ G (n, λ) and y1, . . . , yN ∈ B(a, r) ∩ (b+ Lλ) satisfying
k ≤ λ < m , N ≤ Γγ−λ , Lk ⊆ Lλ ,{
B(yi, 40γr) : i = 1, . . . , N
}
is disjointed ,
N∑
i=1
µ(B(yi, 4γr)) ≥ Γ−1µ(B(a, r)) ,
µ(B(yi, 4γr))
(4γr)m
≥ Γ−1γ−(m−λ)µ(B(a, r))
rm
for i = 1, . . . , N ,
where Γ = Γ(m) ∈ [1,∞).
Proof. We mimic the proof of [AT15, Lemma 3.1].
Set ε = 2−(n+1)tn. Choose xk+1, . . . , xm inductively so that for j = k + 1, . . . ,m
Lj = Lk + span
{
xx+1 − b, . . . , xj − b
}
,
xj ∈ B(a, r) ∼
(
Lj−1 + B(0, γr)
)
,
sj = sup
{
µ(B(x, tr) ∩B(a, r)) : x ∈ B(a, r) ∼ (Lj−1 + B(0, γr))} .
µ(B(xj , tr) ∩B(a, r)) ≥ 12sj .
If sj ≥ εµ(B(a, r)) for j = k + 1, . . . ,m, then alternative (a) holds with Γ = 2n+1.
Assume there exists λ ∈ {k, . . . ,m−1} such that sλ+1 ≤ εµ(B(a, r)). Then, since B(a, r) ∼(
Lλ + B(0, γr)
)
can be covered by 2nt−n balls with centers in B(a, r) ∼ (Lλ + B(0, γr)) and
radii tr, we get
µ
(
B(a, r) ∼ (Lλ + B(0, γr))) ≤ 2nt−nεµ(B(a, r)) .
Recalling ε = 122
−ntn, this implies that
(16) µ
(
B(a, r) ∩ (Lλ + B(0, γr))) ≥ 12µ(B(a, r)) .
Since dim(Lλ) = λ there exists a finite set I ⊆ B(a, r) ∩ Lλ such that
B(a, r) ∩ (Lλ + B(0, γr)) ⊆ ⋃{B(z, 4γr) : z ∈ I} ,{
B(z, 12γr) : z ∈ I
}
is disjointed , H0(I) ≤ K = (4γ)−λ .(17)
Next, we define J =
{
z ∈ I : µ(B(z, 4γr)) ≥ (4K)−1µ(B(a, r))} and note that
µ
(⋃{
B(z, 4γr) : z ∈ I ∼ J}) ≤ 14µ(B(a, r)) ;
hence, employing (16),
(18) µ
(⋃{
B(z, 4γr) : z ∈ J}) ≥ 14µ(B(a, r)) .
Now we construct Y = {y1, . . . , yN} ⊆ J inductively so that for i = 1, . . . , N
J1 = J , Ji =
{
z ∈ J : B(z, 40γr) ∩B(yj , 40γr) = ∅ for j = 1, 2, . . . , i− 1
}
if i ≥ 2 ,
yi ∈ Ji , µ(B(yi, 4γr)) ≥ µ(B(z, 4γr)) for z ∈ Ji , JN+1 = ∅ .(19)
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For i = 1, 2, . . . , N we see from (17) that Ji ∼ Ji+1 contains at most 20λ points. Thus,
using (18) and (19), we obtain
µ(B(a, r)) ≤ 4
N∑
i=1
µ
(⋃{
B(z, 4γr) : z ∈ Ji ∼ Ji+1
}) ≤ 4 · 20λ N∑
i=1
µ
(
B(yi, 4γr)
)
.
Finally, since µ(B(z, 4γr)) ≥ (4K)−1µ(B(a, r)) for z ∈ J and K = (4γ)−λ, we conclude that
µ(B(z, 4γr))
(4γr)m
≥ µ(B(a, r))
4K(4γr)m
≥ 4−2mγ−(m−j+1)µ(B(a, r))
rm
for z ∈ J .
Hence, alternative (b) holds with Γ = 4 · 20m. 
6.3. Corollary. Suppose a ∈ Rn, and r0 ∈ (0,∞), and A ∈ [1,∞),
and A−1α(m)rm ≤ µ(B(a, r)) for r ∈ (0, r0] ,
and µ(B(z, r)) ≤ Aα(m)rm for z ∈ Rn and r ∈ (0, r0] .
Then there exist δ = δ(A,m) ∈ (0, 1] and σ = σ(A,n,m) ∈ (0, 1] such that
µm(Xδ(a, r)) ≥ σµ(B(a, r))m for r ∈ (0, 4r0] .
Proof. Let r ∈ (0, r0] and set γ = 12(Γ6.2(b)A2)1/(m−1) and t =
(
1 + 12γ
m
)1/m − 1 and k = 0
and Lk = {0} and b = a and δ = 12γm and apply 6.2 with this choice of a, b, γ, r, t, k, Lk.
Observe that for this particular γ alternative 6.2(b) cannot hold due to the assumed lower
bound on µ(B(a, r)) and upper bound on µ(B(z, 4γr)) for z ∈ Rn. Therefore, there exist
x1, . . . , xm ∈ B(a, r) such that alternative 6.2(a) holds. Then clearly
|(x1 − a) ∧ · · · ∧ (xm − a)| ≥ γmrm .
A simple computation as in [Kol15, Proposition 1.7] shows that if we choose arbitrary points
yi ∈ B(xi, tr) for i = 1, . . . ,m, then
|(y1 − a) ∧ · · · ∧ (ym − a)| ≥ 12γmrm = δrm .
This shows that(
B(x1, tr) ∩B(a, r)
)× · · · × (B(xm, tr) ∩B(a, r)) ⊆ Xδ(a, r) ;
hence, 6.2(a) yields
µm(Xδ(a, r)) ≥ Γ−m6.2(a)tnmµ(B(a, r))m . 
7. Proof of higher order rectifiability
7.1. Remark. If δ ∈ [0, 1], and a, c ∈ Rn, and r ∈ (0,∞], and (b1, . . . , bm) ∈ Xδ(a, r), and
P = span{b1 − a, . . . , bm − a}, then
κ(a, b1, . . . , bm, c) ≥ δ dist(c− a, P )
2m(m+ 1)! 2r
.
7.2. Lemma. Let r, δ ∈ (0,∞), ε ∈ (0, 1), P,Q ∈ G (n,m), v1, . . . , vm ∈ Rn satisfy
Q = span{v1, . . . , vm} , |v1 ∧ · · · ∧ vm| ≥ δrm , |vi| ≤ r , |P⊥\ vi| ≤ εr
for i = 1, . . . ,m. Then ‖P\ −Q\‖ ≤ mδ−1ε.
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Proof. By [All72, 8.9(3)], there exists u ∈ Q such that
|u| = 1 and ‖P\ −Q\‖ = ‖P⊥\ ◦Q\‖ = |P⊥\ u| .
Choose α1, . . . , αm ∈ R such that u =
∑m
i=1 αivi. For each i = 1, . . . ,m we have
αi =
(
v1 ∧ · · · ∧ vi−1 ∧ u ∧ vi+1 ∧ · · · ∧ vm
) • v1 ∧ · · · ∧ vm|v1 ∧ · · · ∧ vm|2
and |αi| = |v1 ∧ · · · ∧ vi−1 ∧ u ∧ vi+1 ∧ · · · ∧ vm||v1 ∧ · · · ∧ vm| ≤
1
δr
;
hence, ‖P\ −Q\‖ = |P⊥\ u| ≤
m∑
i=1
|αi||P⊥\ vi| ≤ mδ−1ε . 
7.3. Remark. We shall frequently use the Chebyshev’s inequality in the following form. When-
ever ν measures some set X, f : X → R is a ν measurable function, t ∈ (0,∞), and A ⊆ X
is ν measurable, then for any K ∈ (0,∞), we have
ν
({
x ∈ A : |f(x)| > KfflA|f | dν
}) ≤ K−1ν(A) .
7.4. Lemma. Assume l ∈ {1, 2, . . . ,m+ 2}, and α ∈ (0, 1], and p ∈ [1,∞), and µ is a Radon
measure, and δ, σ ∈ (0, 1), and A ∈ [1,∞), and r0 ∈ (0,∞). Define S to be the set of those
a ∈ Rn for which
Kl,p,αµ (a, 4r0) <∞ ,
A−1α(m)rm ≤ µ(B(a, r)) ≤ Aα(m)rm for r ∈ (0, r0] ,(20)
µm(Xδ(a, r)) ≥ σµ(B(a, r))m r ∈ (0, r0] .(21)
Then there exists a constant C = C(m, l, p, σ, α, δ, A) and for each a ∈ S there exists T (a) ∈
G (n,m) such that
(a) in case l < m+ 2: for µ almost all b ∈ B(a, r0)
|T (a)⊥\ (b− a)| ≤ CKl,p,αµ (a, |b− a|)1/p|b− a|1+α
and, whenever b ∈ S ∩B(a, 12r0),
‖T (a)\ − T (b)\‖ ≤ CKl,p,αµ (a, |b− a|)1/p|b− a|α ;
(b) in case l = m+ 2: for any r ∈ (0, r0]( 
B(a,r)
dist(c− a, T (a))p dµ(c)
)1/p
≤ CKl,p,αµ (a, 4r)1/pr1+α ;
In particular Tanm(µ, a) ⊆ T (a) for all a ∈ S, by 3.2 and 3.3.
Proof. Obviously we can assume S is not empty – otherwise there is nothing to prove. Set
M = (2m+m
2
A2m + 2)σ−1. If 2 ≤ l ≤ m+ 1, define
Y (a, r) =
{
(b1, . . . , bm) ∈ B(a, r)m : κl,p,αµ,a,r(b1, . . . , bl−1) >
MKl,p,αµ (a, r)
µ(B(a, r))l−1
}
,
if l = m+ 2, set
Y (a, r) =
{
(b1, . . . , bm) ∈ B(a, r)m :
ˆ
B(a,r)
κl,p,αµ,a,r(b1, . . . , bm, c) dµ
1
Σ(c) >
MKl,p,αµ (a, r)
µ(B(a, r))m
}
,
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and if l = 1, set Y (a, r) = ∅. Employing Chebyshev’s inequality 7.3 we obtain
(22) µm(Y (a, r)) ≤M−1µ(B(a, r))m
for l ∈ {1, . . . ,m+ 2}, and a ∈ Rn, and r ∈ (0,∞]. Since M > σ−1, using (21), we get
µm(Xδ(a, r) ∼ Y (a, r)) ≥
(
σ − 1M
)
µ(B(a, r))m > 0 for a ∈ S and 0 < r ≤ r0 .(23)
For a ∈ S, and 0 < r ≤ r0, and (g1, . . . , gm) ∈ Xδ(a, r) ∼ Y (a, r) if P = span{g1−a, . . . , gm−
a} and 1 ≤ l ≤ m+ 1, then using 7.1 together with (20) and (21) we get
MKl,p,αµ (a, r)
(A−1α(m)rm)l−1
≥ MK
l,p,α
µ (a, r)
µ(B(a, r))l−1
≥ κl,p,αµ,a,r(g1, . . . , gl−1)
≥ (µ) ess sup
b∈B(a,r)
κ(a, g1, . . . , gm, b)
p
diam({a, g1, . . . , gm, b})m(l−1)+αp
≥ (µ) ess supb∈B(a,r)
(
δ dist(b− a, P )p)
(2m(m+ 1)!)p(2r)m(l−1)+(1+α)p
which implies
(µ) ess sup
b∈B(a,r)
(
dist(b− a, P )) ≤ C1Kl,p,αµ (a, r)1/pr1+α ,(24)
where C1 = A
1/pM1/p(m+ 1)!α(m)−1/p2m+m(l−1)/p+1+α .
An analogous computation shows that in case l = m + 2, for a ∈ S, and 0 < r ≤ r0, and
(g1, . . . , gm) ∈ Xδ(a, r) ∼ Y (a, r) if P = span{g1 − a, . . . , gm − a}, then( 
B(a,r)
dist(c− a, P )p dµ(c)
)1/p
≤ C1Kl,p,αµ (a, r)1/pr1+α .(25)
Now, we shall prove the lemma in case 1 ≤ l ≤ m+ 1. Set E = {x ∈ Rn : Θ∗m(µ, x) > 0}.
Due to (23), for each a ∈ S and 0 < r ≤ r0 there exists an m-tuple(
g1(a, r), . . . , gm(a, r)
) ∈ Em ∩Xδ(a, r) ∼ Y (a, r)
and we can define
P (a, r) = span
{
(g1(a, r)− a), . . . , (gm(a, r)− a)
} ∈ G (n,m) .
Whenever a ∈ S and 0 ≤ s ≤ r ≤ r0, noting gi(a, s) ∈ E ∩B(a, r) for i = 1, . . . ,m, we may
employ (24) together with 7.2 to obtain
‖P (a, r)\ − P (a, s)\‖ ≤ mδ−1C1Kl,p,αµ (a, r)1/prα .
Therefore, for each a ∈ S, the spaces P (a, r) converge as r → 0 to some T (a) ∈ G (n,m) and
‖P (a, r)\ − T (a)\‖ ≤ C2Kl,p,αµ (a, r)1/prα , where C2 = mδ−1C1 .
Moreover, by (24) and the triangle inequality, for any a ∈ S and b ∈ E ∩B(a, r0)
|T (a)⊥\ (b− a)| ≤ (C1 + C2)Kl,p,αµ (a, |b− a|)1/p|b− a|1+α .
Assume a ∈ S, and r ∈ (0, r0], and b ∈ S ∼ {a} are such that |b− a| = 12r. Then for each
i = 1, . . . ,m there holds |gi(b, 12r)− a| ≤ r and it follows from (24) that∣∣∣P (a, r)⊥\ (gi(b, 12r)− a)∣∣∣ ≤ 2C1Kl,p,αµ (a, r)1/pr1+α ;
hence, employing again 7.2, we get∥∥P (a, r)\ − P (b, 12r)\∥∥ ≤ 21+αC2Kl,p,αµ (a, r)1/p|b− a|α .
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In consequence, for all a, b ∈ S, r ∈ (0,∞) with |a− b| = 12r ≤ 12r0
‖T (a)\ − T (b)\‖ ≤ ‖T (a)\ − P (a, r)\‖+ ‖P (a, r)\ − P
(
b, r2
)
\
‖+ ‖P (b, r2)\ − T (b)\‖
≤ C3Kl,p,αµ (a, r)1/p|b− a|α , where C3 = C2(2 + 21+α).
This finishes the proof in case 1 ≤ l ≤ m+ 1.
Next, we shall consider the case l = m+ 2. For a ∈ S and i = N define inductively
ρi = 2
−ir0 , Q0(a) = P (a, ρ0) ,
Zi(a) =
{
c ∈ Σ(a, ρi) : dist(c− a,Qi(a))p > M
 
B(a,ρi)
dist(z − a,Qi(a))p dµ(z)
}
,
Wi(a) =
{
(c1, . . . , cm) ∈ B(a, ρi)m : cj ∈ Zi(a) for some j ∈ {1, . . . ,m}
}
,
and, whenever i ≥ 1,(
hi,1(a), . . . , hi,m(a)
) ∈ X(a, ρi) ∼ (Y (a, ρi) ∪Wi−1(a)) ,
Qi(a) = span
{
hi,1(a)− a, . . . , hi,m(a)− a
}
.
Note that (hi,1(a), . . . , hi,m(a)) exists for all i ∈ N and a ∈ S. Indeed, for i ∈ N and a ∈ S
Chebyshev’s inequality 7.3 yields
µ(Zi(a)) ≤M−1µ(B(a, ρi)) ;
hence, µm(Wi(a)) ≤
((
1 +M−1
)m − 1)µ(B(a, ρi))m ,
which implies for i ∈ N ∼ {0}, combining (20) with (22) and noting ((1 + M−1)m − 1) ≤
2mM−1 and M > (2m+m2A2m + 1)σ−1,
µm
(
X(a, ρi) ∼ (Y (a, ρi) ∪Wi−1(a))
) ≥ (α(m)ρmi )m(Am(σ −M−1)−M−12m+m2Am) > 0 .
Observe that for a ∈ S, and i = N ∼ {0}, and j = 1, 2, . . . ,m, employing (25),
dist
(
hi,j(a)− a,Qi−1(a)
) ≤ (M  
B(a,ρi−1)
dist(z − a,Qi−1(a))p dµ(z)
)1/p
≤ 21+αM1/pC1Kl,p,αµ (a, ρi−1)1/pρ1+αi .
Therefore, lemma 7.2 yields for a ∈ S and i ∈ N ∼ {0}
‖Qi(a)\ −Qi−1(a)\‖ ≤ C4Kl,p,αµ (a, ρi−1)1/pραi , where C4 = mδ−121+αM1/pC1 .
Summing up a geometric series we see that for a ∈ S the spaces Qi(a) converge as i→∞ to
some T (a) ∈ G (n,m) satisfying
‖Qi(a)\ − T (a)\‖ ≤ C5Kl,p,αµ (a, 2ρi)1/pραi , where C5 = (1− 2−α)−1C4 .
Let a ∈ S, and ρ ∈ (0,∞), and i ∈ N be such that ρi+1 < ρ ≤ ρi ≤ r0. Then( 
B(a,ρ)
dist(c− a, T (a))p dµ1Σ(c)
)1/p
≤
( 
B(a,ρ)
dist(c− a,Qi(a))p dµ1Σ(c)
)1/p
+
( 
B(a,ρ)
‖Qi(a)− T (a)‖p|c− a|p dµ1Σ(c)
)1/p
≤ (C1 + C5)Kl,p,αµ (a, 2ρi)1/pρ1+αi ≤ C6Kl,p,αµ (a, 4ρ)1/pρ1+α ,
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where C6 = 2
1+α(C1 + C5). 
The following theorem 7.5, cited from [All72], will allow us to reduce our main theorem 1.1
roughly to the case when µ = Hm Σ, where Σ is a subset of a graph of a C 1 function.
7.5. Theorem (cf. [All72, 2.8(5)]). Suppose µ is a Radon measure over Rn such that for µ
almost all a the following two conditions hold: 0 < Θm∗(µ, a) < ∞ and there exists T ∈
G (n,m) such that Tanm(µ, a) ⊆ T . Then µ = Θm(µ, ·)Hm and Rn is countably (µ,m)
rectifiable of class C 1.
Now we are ready to prove the first part of the main theorem 1.1.
7.6. Theorem. Suppose µ is a Radon measure which satisfies the density bounds (2) and
Kl,p,αµ (a, 1) <∞ for µ almost all a. Then Rn is countably (µ,m) rectifiable of class C 1,α.
Proof. For j ∈ N ∼ {0} set
Aj =
{
a ∈ Rn : j−1α(m)rm < µ(B(a, r)) ≤ jα(m)rm for 0 < r < j−1} ,
A0 = ∅ , Bj = Aj ∼ Aj−1 , µj = µ Bj .
Since (0,∞) 3 r 7→ µ(B(a, r)) is right-continuous for each a ∈ Rn and Rn 3 a 7→ µ(B(a, r))
is upper semi-continuous for each r ∈ (0,∞) we deduce that Aj are Borel sets. Clearly
Aj ⊆ Aj+1 for j ∈ N so {Bj : j ∈ N} is disjointed and, because µ satisfies (2), we have
µ
(
Rn ∼ ⋃{Aj : j ∈ N}) = 0 ;
hence, it suffices to show that Rn is countably (µj ,m) rectifiable of class C 1,α for each j ∈ N.
Fix j ∈ N ∼ {0}. Define Borel sets Aj,0 = ∅ and
Aj,k =
{
a ∈ Aj : (2j)−1α(m)rm < µj(B(a, r)) ≤ jα(m)rm for 0 < r < k−1
}
for k ∈ N ∼ {0}. Observe that
µj(B(a, r)) ≤ jα(m)rm for a ∈ Aj and 0 < r ≤ j−1 ,
Θm∗ (µj , a) ≥ j−1 for µj almost all a by [Fed69, 2.9.11] since Bj is Borel ;
thus, µj
(
Rn ∼ ⋃{Aj,k : k ∈ N}) = 0 .(26)
For each k ∈ N and a ∈ Aj,k we apply 6.3 with µj , k−1, a, 2mj in place of µ, r0, a, A to find
out that there exists δ = δ(n,m, j, k) ∈ (0, 1] and σ = σ(n,m, j, k) ∈ (0, 1] such that
µmj (Xδ(a, r)) ≥ σµj(B(a, r)) for 0 < r < k−1 .
Next, for each k ∈ N we apply 7.4 with µj , δ(n,m, k, j), σ(n,m, k, j), 2j, k−1, Aj,k in place
of µ, δ, σ, A, r0, S to see that for each k ∈ N and a ∈ Aj,k there exists some T (a) ∈ G (n,m)
such that
(27) Tanm(µj , a) ⊆ T (a) ,
and, if l < m+ 2, then
(28)
|T (a)⊥\ (b− a)|
|b− a|1+α ≤ CK
l,p,α
µ (a, |b− a|)1/p for µj almost all b ∈ B(a, k−1) ,
and, if l = m+ 2, then, using Ho¨lder’s inequality,
(29)
 
B(a,r)
|T (a)⊥\ (c− a)|
r1+α
dµj(c) ≤ CKl,p,αµ (a, 4r)1/p for 0 < r < k−1 .
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Employing 7.5 together with (27) and (26) yields that Aj is countably (µj ,m) rectifiable of
class C 1. Hence, there exists a countable family A of C 1 submanifolds of Rn such that
(30) µj = Θ
m(µj , ·)Hm
⋃A .
Thus, to finish the proof it suffices to show that for each k ∈ N and M ∈ A the set M ∩Aj,k
is countably (Hm,m) rectifiable of class C 1,α.
Fix M ∈ A and k ∈ N such that µj(M ∩Aj,k) > 0. Employing the definition of a subman-
ifold [Fed69, 3.1.19(5)], we can represent M locally, around any a ∈ M , as a graph over the
tangent plane Tan(M,a) of some C 1 function, i.e., we can find a neighborhood Ua of a in Rn
and projections pa ∈ O∗(n,m), qa ∈ O∗(n, n−m) such that
im p∗a = Tan(M,a) , im q
∗
a = Tan(M,a)
⊥ , pa|M∩Ua is injective ,
(pa|M∩Ua)−1 : pa[Ua]→ Rn is of class C 1 , D
(
(pa|M∩Ua)−1
)
(pa(a)) = p
∗
a .
Set Fa = (pa|M∩Ua)−1 and fa = qa ◦ Fa; then
Fa = p
∗
a + q
∗
a ◦ fa , fa(pa(a)) = 0 , Dfa(pa(a)) = 0 .
Define an open “cuboid” adjusted to Tan(M,a) of radius r ∈ (0,∞) by the formula
C(a, r) =
{
y ∈ Rn : |pa(y − a)| < r and |qa(y − a)| < r
}
.
Recall Ua is a neighborhood of a in Rn so a ∈ IntUa. Thus, for all a ∈ M there exists
a radius ra > 0 such that
(31) M ∩C(a, ra) = Fa[U(pa(a), ra)] and ‖Dfa(x)‖ ≤ 12 for x ∈ B(pa(a), ra).
Next, observe that M∩Aj,k is a second-countable space as a subspace of a second-countable
space Rn; hence, it has the Lindelo¨f property (cf. [Mun00, Theorem 30.3]). Thus, from the
open covering
{
C(a, ra) : a ∈M ∩Aj,k
}
of M ∩Aj,k, one can choose a countable subcovering{
C(ai, rai) : i ∈ N
}
of M∩Aj,k. Now it suffices to prove that M∩Aj,k∩C(ai, rai) is countably
(Hm,m) rectifiable of class C 1,α for each i ∈ N.
Fix an i ∈ N. Since Aj,k is Borel it follows that E = pai [M ∩Aj,k ∩C(ai, rai)] is Lm mea-
surable by [Fed69, 2.2.13]. By (31) we see that Hm(Fai [E]) < ∞. Clearly we also have
T (ai) = Tan(M,ai) because of (27) and dimT (ai) = m. Hence, we can apply 5.5 with pai ,
qai , T (ai), fai , Fai , E, Fai [E] in place of p, q, T , f , F , A, Σ. With these substitutions,
recalling 3.3 and (30) and j−1 ≤ Θm(µj , x) ≤ j for µj almost all x ∈ Aj , we see that (28)
implies (11) in case l < m + 2 and (29) implies (10) in case l = m + 2. Consequently, we
deduce that M ∩Aj,k ∩C(ai, rai) is countably (Hm,m) rectifiable of class C 1,α. 
8. Sharpness of the exponent α and other admissible integrands
Here we prove the second part of our main theorem 1.1. We also consider a few different
functions which can replace κ in the definition of Kl,p,αµ .
8.1. Definition. For T = (a0, . . . , am+1) ∈ (Rn)m+2 we set
hmin(T ) = min
{
dist
(
aj , aff({a0, . . . , am+1} ∼ {aj})
)
: j = 0, 1, . . . ,m+ 1
}
,
where aff(A) denotes the smallest affine plane containing the set A ⊆ Rn.
8.2. Definition. For T = (a0, . . . , am+1) ∈ (Rn)m+2 we set
κh(T ) =
hmin(T )
diam(4T ) if diam(4T ) > 0 , κh(T ) = 0 otherwise .
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8.3. Remark. A suggestion to use κh instead of κ appeared in [LW11, §10].
For any T ∈ (Rn)m+2 to estimate hmin(T ) it suffices to consider T inside the (m + 1) di-
mensional vector subspace of Rn containing 4T . Hence, the following estimate follows im-
mediately from a result of Gritzmann and Lassak [GL89, Lemma 3]
8.4. Lemma. Suppose h ∈ [0,∞), and T ∈ (Rn)m+2, and a ∈ Rn, and S ∈ G (n,m), and
4T ⊆ {b ∈ Rn : |S⊥\ (b− a)| ≤ h}. Then hmin(T ) ≤ (m+ 2)h.
8.5. Corollary. Let p, q, T , A, f , F be as in 4.1. Suppose α ∈ [0, 1], and A = Rm, and f
is of class C 1,α, and Σ = imF , and T = (a0, . . . , am+1) ∈ Σm+2 satisfy hmin(T ) > 0, and
d = diam(4T ), and
M = sup
{‖Df(p(b)−Df(p(a0))‖ · |p(b)− p(a0)|−α : b ∈ Σ , 0 < |b− a0| ≤ d} .
Then hmin(T ) ≤M(m+ 2)d1+α.
Proof. Note |f(p(b)−f(p(a0))−Df(p(a0))(p(b)−p(a0))| ≤M |p(b)−p(a0)|1+α ≤M |b−a0|1+α
for all b ∈ Σ with 0 < |b − a0| ≤ d. Hence, employing (7), we obtain 4T ⊆
{
b ∈ Rn :
|Tan(Σ, a0)⊥\ (b− a0)| ≤Md1+α
}
. Thus, 8.4 yields hmin(T ) ≤M(m+ 2)d1+α. 
8.6. Corollary. Let p, q, T , A, f , F be as in 4.1. Suppose α, β ∈ [0, 1], and α < β, and
A = Rm, and f is of class C 1,β, and Σ = F [B(0, 1)], and p ∈ [1,∞), and l ∈ {1, . . . ,m+ 2},
and µ = Hm Σ, and Kl,p,αh;µ is defined as Kl,p,αµ in (1) but with κh in place of κ. Then there
exists Γ = Γ(m, l, f, p, α, β) ∈ (0,∞) such that
Kl,p,αh;µ (a, 1) ≤ Γ for all a ∈ Rn .
Proof. Set
M = sup
{‖Df(x)−Df(y))‖ · |x− y|−β : x, y ∈ B(0, 1)} ,
L = sup
{‖DF (x)‖ : x ∈ B(0, 1)} .
If p(β − α) ≥ m(l − 1) (in particular if l = 1), then by 8.5
Kl,p,αh;µ (a, 1) ≤Mp(m+ 2)p2p(β−α)−m(l−1) for a ∈ Rn .
Assume now p(β − α) < m(l − 1) (in particular l > 1). For a ∈ Rn and i ∈ N define
Ai(a) =
{
(a1, . . . , al−1) ∈ (Rn)l−1 : 2−i < diam(4(a, a1, . . . , al−1)) ≤ 2−i+1
}
.
Then Ai(a) ⊆ B(a, 2−i+1)l−1. Employing 8.5 and the area formula [Fed69, 3.2.3] we get
Kl,p,αh;µ (a, 1) ≤
∞∑
i=0
ˆ
Ai(a)
(M(m+ 2))p dµl−1(a1, . . . , al−1)
diam({a, a1, . . . , al−1})m(l−1)−p(β−α)
≤ (M(m+ 2))p
∞∑
i=0
µ(Ai(a))2
i(m(l−1)−p(β−α))
≤ (M(m+ 2))p(2L)m(l−1)α(m)l−1
∞∑
i=0
2−ip(β−α) <∞ 
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8.7. Corollary. Let µ be a Radon measure over Rn satisfying (2), and l ∈ {1, 2, . . . ,m +
2}, and α ∈ (0, 1), and p ∈ [1,∞). Then for any ε ∈ (0, 1 − α) there exists a Radon
measure µ satisfying (2) and Kl,p,αh;µ (a) < ∞ for µ almost all a and such that Rn is not
countably (µ,m) rectifiable of class C 1,α+ε.
Proof. Let f : Rm ∩ U(0, 2) → Rn−m be of class C 1,α+ε/2 such that the graph of f is not
(Hm,m) rectifiable of class C 1,α+ε in the sense of [AS94, Definition 3.1] – such function
can be constructed using [AS94, Appendix]. Let p, q, T , F be related to f as in 4.1. Set
Σ = F [B(0, 1)] and µ = Hm Σ. Clearly Rn is not countably (µ,m) rectifiable of class C 1,α+ε.
However, since f is of class C 1,α+ε/2, we see that Kl,p,αh;µ (a) <∞ by 8.6. 
8.8. Definition. For T = (a0, a1, . . . , am+1) ∈ (Rn)m+2 satisfying hmin(T ) > 0 and i ∈ I =
{0, 1, . . . ,m+ 1} define
pm sini(T ) =
|(a1 − a0) ∧ · · · ∧ (am+1 − a0)|∏m+1
j=0 ,j 6=i |aj − ai|
,
κmin(T ) = min{pm sini(T ) : i ∈ I} , κmax(T ) = max{pm sini(T ) : i ∈ I} ,
κdls(T ) = inf
{(∑m+1
i=0 dist(ai, L)
2
)1/2
diam(4T )−1 : L an affine m-plane in Rn
}
.
If hmin(T ) = 0, then set κmin(T ) = κmax(T ) = κdls(T ) = 0.
8.9. Remark. The definitions of κmin, κmax are motivated by [LW09, §6.1.1] and the definition
of κdls by [LW12, §4]
8.10. Lemma. There exists Γ = Γ(m) ∈ [1,∞) such that for T ∈ (Rn)m+2 we have
κ(T ) ≤ Γ min{κmin(T ) , κmax(T ) , κdls(T ) , κh(T )}
and max
{
κmin(T ) , κdls(T ) , κ(T )
} ≤ Γκh(T ) .
Proof. Let T = (a0, . . . , am+1) ∈ (Rn)m+2. If hmin(T ) = 0, then we get zero on both sides
of both inequalities; thus, assume hmin(T ) > 0. Permuting the tuple T we can assume
hmin(T ) = |P⊥\ (am+1 − a0)|, where P = span{a1 − a0, . . . , am − a0}. Using the triangle
inequality we can find i ∈ {0, 1, . . . ,m} such that 2|am+1− ai| ≥ diam(4T ); thus, permuting
the tuple (a0, . . . , am), we can also assume i = 0. Then
κmin(T ) ≤ pm sini(T ) =
|(a1 − a0) ∧ · · · ∧ (am − a0)| · |P⊥\ (am+1 − a0)|
|a1 − a0| · · · |am − a0| · |am+1 − a0| ≤ 2κh(T ) ,
and κ(T ) =
|(a1 − a0) ∧ · · · ∧ (am − a0)| · |P⊥\ (am+1 − a0)|
(m+ 1)! diam(4T )m · diam(4T ) ≤
κh(T )
(m+ 1)!
,
and κh(T )
2 =
∑m+1
i=0 dist(ai, a0 + P )
2 , so κdls(T ) ≤ κh(T ) .
Hence, max{κmin(T ), κdls(T ), κ(T )} ≤ 2κh(T ).
Clearly κmin(T ) ≤ κmax(T ). Since |ai − aj | ≤ diam(4T ) for all i, j ∈ {0, 1, . . . ,m + 1} it
is also clear that κmin(T ) ≥ (m + 1)!κ(T ). From [LW11, (A.2)] we farther deduce κh(T ) ≤
(m+ 2)κdls(T ). Therefore, κ(T ) ≤ (m+ 2) min{κmin(T ), κmax(T ), κdls(T ), κh(T )}. 
8.11. Corollary. Let µ be a Radon measure over Rn satisfying (2), and l ∈ {1, 2, . . . ,m+ 2},
and α ∈ (0, 1], and p ∈ [1,∞), and Kl,p,α∗;µ be defined as Kl,p,αµ in (1) but with κ replaced by one
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of κ, κmin, κmax, κdls, κh. Assume Kl,p,α∗;µ (a, 1) <∞ for µ almost all a. Then Rn is countably
(µ,m) rectifiable of class C 1,α and µ is absolutely continuous with respect to Hm.
Moreover, if κ is replaced by one of κ, κmin, κdls, κh and α < 1, then for any ε ∈ (0, 1−α)
there exists a measure µ satisfying (2) and Kl,p,α∗;µ (a) < ∞ for µ almost all a and such that
Rn is not countably (µ,m) rectifiable of class C 1,α+ε.
Proof. The claim readily follows from 7.6 and 8.7 and 8.10. 
8.12. Remark. The author does not know whether the second part of 8.11 holds if one uses
κmax in place of κ.
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